Introduction
The Heraeus Summer School series "Astronomy from four perspectives" 12 , funded by the WE Heraeus Foundation, 3 draws together teachers and teacher students, astronomers, physicists and astronomy students from Germany and Italy. For each summer school, participants gather at one of the four participating nodes: Heidelberg, Padua, Jena, and Florence.
The main goal of the series is to bring astronomy into schools, which is achieved by educating and training the teachers and teacher students.
In this e-print, we present the exercises, tutorials, and high-school classroom materials developed during the fifth summer school of the series, which took place at Haus der Astronomie in Heidelberg August 26 -September 2, 2017.
The tutorials were prepared beforehand for the participants of the Summer schools, and are suitable for use in teacher training. Classroom materials were developed mainly during the summer school itself, and are suitable for high-school level teaching. They include question sheets for pupils, and some pointers on where to use the material in the German high school curriculum.
Both sets of materials address the summer school's four main topics: Supernova cosmology, the virial theorem, rotation curves of galaxies, and the temperature of the cosmic microwave background (CMB).
Tutorials
Material for the tutorials for summer school participants are included in these proceedings starting at page 4. They consist of exercises, which are in most cases supplemented by worked-out solutions. The exercises and associated (mainly python-)scripts were used to give the attendants of the conference hands-on experience with each of the four cosmology-related topics of the summer schools. Some of these exercises are also suitable for use with advanced pupils. Tutorials include the following resources:
Light-propagation in FLRW-spacetimes
Photons travel along null geodesics, ds 2 = 0, in any spacetime.
(a) Please show that by introducing conformal time τ in a suitable definition, one recovers Minkowski light propagation cτ = ±χ in comoving distance χ and conformal time τ for FLRW-space times, ds 2 = c 2 dt 2 − a 2 (t)dχ 2 ,
which we have assumed to be spatially flat for simplicity. which is filled up to the critical density with a fluid with a fixed equation of state w. (d) In applying ds 2 = 0 to the FLRW-metric we have assumed a radial geodesic -is this a restriction? (e) Please draw a diagram of a photon propagating from a distant galaxy to us in conformal coordinates for a cosmology of your choice, with markings on the light-cone corresponding to equidistant ∆a.
Light-propagation in perturbed metrics
The weakly perturbed (|Φ| c 2 ) Minkowski metric is given by
with the Newtonian potential Φ. Please compute the effective speed of propagation c = d |x| /dt for a photon following a null geodesic ds 2 = 0. Please Taylor-expand the expression in the weak-field limit |Φ| c 2 : Can you assign an effective index of refraction to a region of space with a nonzero potential?
Classical potentials including a cosmological constant
The field equation of classical gravity including a cosmological dark energy density λ is given by
a) Solve the field equation for 3 dimensions outside a spherically symmetric and static matter distribution ρ. The expression for the Laplace-operator in spherical coordinates for 3 dimensions is: ∆Φ = r −2 ∂ r (r 2 ∂ r Φ). Also, please set as the total baryon mass M
b) Please show that both source terms individually give rise to power-law solutions for Φ(r). c) Is there a distance where the baryon part from the ρ-terms is equal to dark energy part the λ-term?
d) Assuming a typical galaxy is formed by 100 billion stars like the Sun each with a mass of 10 30 kg, and a dark energy density of 10 −27 kg / m 3 , find at which distance from a galaxy the dark energy dominates. How does it compare with the typical size of a Galaxy (∼ 10000 pc?
Physics close to the horizon
Why is it necessary to observe supernovae at the Hubble distance c/H 0 to see the dimming in accelerated cosmologies? Please start at considering the curvature scale of the Universe: A convenient measure for the curvature might be the Ricci-scalar R = 6H 2 (1 − q) for flat FLRW-models. 
Measuring cosmic acceleration
The luminosity distance d lum (z) in a spatially flat FLRW-universe is given by
with the Hubble function H(z). Let's assume that the Universe is filled with a cosmological fluid up to the critical density with a fluid with equation of state w, such that the Hubble function is
a) For this type of cosmology you will obtain acceleration if w < −1/3 and deceleration for w > −1/3: Please show this by computing the deceleration parameter q = −äa/ȧ 2 from the Hubble-function H =ȧ/a, with the relation a = 1/(1 + z).
b) Please show that in accelerated universes supernovae appear systematically dimmer, because d lum is always larger than in a non-accelerating universe. c) Is it true that d lum is systematically smaller in a decelerating universe? (a) Let us do the following substitution dt → a(t)dτ then the line element can be written ds 2 = a(t) 2 [c 2 dτ 2 − dχ 2 ] and the equation of the null-geodesic will be dχ = ±cdτ.
(b) The cosmic time is the time measured by a cosmic observer synchronized for t = 0
The conformal time is tied to the time interval over which an observer at t = t 0 sees to happen an event in the past at time t. Now at t = t 0 this will coincide with the cosmic time, hence it will be affected by cosmic time dilation.
(c) Now for the given metric:
(d) Isotropy of the universe ensures us that it is not.
Light propagation in perturbed metrics
With ds 2 = 0:
With 1 1− ≈ 1 + for small :
For a non-zero Φ this is not equal to c! We assign an effective index of refraction by:
Classical potentials including a cosmological constant
(a) field calculation Now it is possible to simply integrate the field equation starting with:
(b) power-law solutions Following the calculation one may see that each source term corresponds to an individual powerlaw:
(c) equilibrium To find an equilibrium distance one must set Φ r eq = 0
from which follows immediately:
(c) if one inputs the number one gets r eq = 1.5 Mpc one hundred times larger than the size of a galaxy.
Physics close to the horizon
Why is it necessary to observe supernovae at the Hubble distance c/H 0 to see the dimming in accelerated cosmologies? Please start at considering the curvature scale of the Universe: A convenient curvature measure might be the Ricci scalar R = 6H 2 (1 − q) for flat FLRW-models.
(a) The Dimension of the Ricci scalar is 1/s 2 thus we can define a time and a distance scale by: 
Measuring cosmic acceleration
a) By definition:
So we getḢ
We also have
and obviously
b) First, we consider the case w = − 1 3 (non-accelerating universe):
Now, we consider the case w < − 1 3 (accelerating universe):
), so d lum 2 (z) is growing faster, than the logarithmic function d lum 1 (z). c) Yes, as long as the universe is flat. Just try to plot the two functions d) The formula still apply. But in a contracting universe one would see light that is blue-shifted and not red-shifted. Su z < 0. But obviously z > −1, since otherwise one would get negative wavelengths (frequencies) that make no sense. As a consequence, the origin of time in a contracting universe corresponds to z = −1 for a universe contracting from infinity. Hence the limit of integration must be corrected accordingly.
Play with data: Supernova cosmology and dark energy
The Supernova Cosmology Project observed supernovae of the type Ia in distant galaxies, determined the distance modulus by measuring the apparent brightness as well as the redshift of the host galaxy. From the relation between distance and redshift one can measure the density parameters Ω X and the dark energy equation of state w. The exercise sheet uses data from A. Goobar et al., PhST, 85, 47 (2000) .
Distance-redshift-relationships in FLRW-universes
In this exercise you can play with SCP-data and explore the sensitivity of the supernova brightness on the cosmological parameters. Please have a look at the python-script supernova_plot.py, which reads the data file from SCP and plots distance modulus µ as a function of redshift z. The cosmological model is a spatially flat FLRW-cosmology with the Hubble function
where the density of the dark energy component is automatically set to Ω X = 1 − Ω m to enforce flatness. Setting w = −1 recovers the case of the cosmological constant Λ, in which case Ω X = Ω Λ . 
for the n data data points µ i at the redshifts z i . The probability that a parameter choice is true is reflected by the density of points. 
Quantum Mechanics, Relativity and Supernovae
This tutorial is aimed at advanced students, to whom the teacher has already introduced the basic concepts of quantum mechanics and relativity. In particular the only notion of QM required is the uncertainty principle of position and momentum and the only notion from SR the relativistic relation between energy and momentum. Some familiarity with thermodynamics and hydrostatic is also required.
We are going to show how with simples arguments using basic quantum mechanics and special relativity one can find that there is a limit to the mass of a quantum star.
The starting points are:
1. From quantum mechanics the uncertainty principle of momentum and position ∆x∆p = . The teacher should have introduced it before and explained its meaning and implications.
2. From special relativity the relativistic relation between energy and momentum of a relativistic particle e = cp. One can use photons to show that they carry energy (obvious -think of solar panels that produce electricity) and also momentum (the solar mill is a good example).
3. From thermodynamics the relation between pressure of a gas and the energy density. This can be introduced classically with a discussion of the relation P = nkT = U, recalling that kT is the thermal energy of a particle of a gas.
4. From hydrostatic the equilibrium relation F = −∇P, stating that any external force (force density to be more precise) must be balanced by a pressure gradient. As an example one can discuss how pressure changes going under water, by simply showing that at any depth the pressure must be equal to the force exerted by the overlying column of water. And use this argument to derive the hydrostatic relation.
We begin by showing how a relativistic gas behaves.
First consider a volume V containing N particles. Then the average volume per particle is V/N = 1/n where we have introduced the particle density n. Then one can define the average distance between particles is (V/N) 1/3 = 1/n 1/3 . Using the uncertainty principle, and taking as a typical uncertainty over the distance the average distance between particles, we get a typical momentum p = n 1/3 . Now use the relativistic energy momentum relation to get a typical energy e = c n 1/3 . Finally the energy density of this system of particles will be U = ne = c n 4/3 . Recall from classical thermodynamics that the pressure is of the order of the energy density then the pressure of our relativistic quantum system system is P = c n 4/3 . And setting equal to m the typical mass of a particle P = c (ρ/m) 4/3 , where we have introduced the mas density ρ. We now turn to hydrostatic equilibrium. For a star the equation at any depth where the density is ρ will look like:
given that stars are spherically symmetric. At this point we are going to simplify the treatments looking only at the scaling of the equation. This is done replacing some of the quantities with their simplest approximations: the local radius r → R the stellar radius; the density ρ → MR −3 where M is the mass of the star; the pressure derivative dP/dr → P/R. Then the differential equation turns into an algebraic one that the students should be more familiar with.
The student should see immediately that the radius simplifies out of the equation. This means that the equilibrium is independent of the radius. Or stated in other words that if the equilibrium (the above equation) is not satisfied, the star will start to expand (explode) or collapse (implode), and you cannot avoid this by adjusting the radius; it is a catastrophic process. The student should also see that the equilibrium equation gives the following solution of the mass:
Now let us put the numbers: the speed of light c = 3 × 10 9 m s −1 ; m is the mass of a proton 1.6 × 10 −27
kg; G = 6.6 × 10 −11 m 3 s −2 kg −1 ; = 10 −34 J s. Substituting these values one gets:
This is about 2 times that mass of the Sun M Sun = 2 × 10 30 kg (doing the correct model the astrophysicists get 1.4 times the mass of the Sun -be happy with such simple equation you got only a 25% difference). This equilibrium mass is known as Chandrasekhar mass. If the mass is smaller, the star will expand until the physical processes of the gas change so much that somehow the star reaches a new equilibrium. If the stellar mass gets bigger than the gravity wins and the star will start to collapse, driving a catastrophic evolution, that can either end with a black hole or with a stellar detonation, known as Supernova.
Astronomy from 4 Perspectives: the Dark Universe Please complete this table and compute the specific kinetic energy T , the specific potential energy V and the ratio between the two. Does the virial law hold as well for specific kinetic and potential energies? You find the necessary data on all planets on Wikipedia, and please assume that the planets follow circular orbits. 4. Virial theorem for the harmonic oscillator Please show for a harmonic pendulumẍ = −g/l x (with the gravitational acceleration g and the pendulum length l) that the (a) total energy is conserved at every instant t.
(b) average kinetic and potential energies are equal. Please use
as definitions of the average, with the oscillation period τ = 2π l/g.
Mechanical similarity and the virial theorem
Mechanical similarity implies the relationship r 2−n ∝ t 2 between the length scale r and the time scale t in mechanical systems with a potential Φ ∝ r n . Collecting results for the 4 most common potentials leads to: system potential similarity remark Kepler-problem Φ ∝ r 6. Application to galaxy clusters The galaxies inside a cluster have kinetic energies that are a factor of ∼ 100 too large, if only the visible matter gravitates: Could you reconcile this by changing the gravitational potential from Φ ∝ 1/r to Φ ∝ 1/r n ? Can you predict a number for n from the virial theorem?
Astronomy from 4 Perspectives: the Dark Universe prepared by: Heidelberg participants Exercise: Dark matter and the virial theorem Solutions 1. Empirical approach to the virial theorem Please complete this table and compute the specific kinetic energy T , the specific potential energy V and the ratio between the two. Does the virial law hold as well for specific kinetic and potential energies? You find the necessary data on all planets on Wikipedia, and please assume that the planets follow circular orbits. The specific kinetic energy i. e. kinetic energy divided by mass can be obtained by
and the specific potential energy i. e. potential energy divided by mass by
where G is Newton's gravitational constant and M the mass of the sun. 
(c) For a circular orbit, the radius r is constant, thus also the potential energy V. The total energy E = T + V is also a constant. It follows that T is constant.
Relationship to flat rotation curves
(a) The Poisson equation reads:
For the density of a SIS profile, we have ρ ∝ r −2 and hence ρ = ρ 0 · r 0 r 2 . This yields: This result is independent of r; hence, the orbital velocity for objects in a SIS halo is constant even at large radii. 
The escape velocity can be obtained by equating the kinetic energy of the escaping body with the work required to move the body from r 0 to infinity against the gravitational force:
However, this turns out to be infinite:
Hence, the escape velocity from a SIS halo is infinite. This is due to the unphysical density singularity at the halo centre, which means that the total mass of the halo is also divergent.
Virial theorem for the harmonic oscillator
The general solution for the harmonic oscillator
with ω 2 = g/l and the initial conditions (x(0) = x 0 ,ẋ(0) = v 0 ) is:
The kinetic energy is:
Whereas the potential energy satisfies:
from which follows, that:
which is constant for all times t because it is time independent.
(b) Energy equalities
To calculate the average, one may use the identities obtained above using τ = 2π/ω
And for the kinetic terms:
So one may see that with:
The virial theorem T = V holds stand. 
Mechanical similarity and the virial theorem
(b) Can you guess with you knowledge of the Kepler law that kinetic and potential energy need to be proportional to each other? From mechanical similarity follows r 3 ∝ t 2 ⇒ (t/r) 2 ∝ r −1 (c) Boosting into another frame by doing a Galilei-transform changes the kinetic energy: Would this affect the virial theorem? Yes. For an observer moving relative to the system, the motion is in general not constraint.
6. Application to galaxy clusters For Φ ∝ r −1 the virial theorem is
If we measure kinetic energies too large by a foctor ≈ 100 we get T = 100 T and can explain this by changing the potential to Φ ∝ r −n :
Because this must hold for all r we predict n = 100 to explain the measured kinetic energies.
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Astronomy from 4 Perspectives: the Dark Universe Play with data: virial theorem and periodic motion
In these exercises, we will explore the virial theorem by solving equations of motions numerically and measuring averaged energies from the solutions.
Virial theorem and the harmonic oscillator
The script harmonic.py generates a solution to the harmonic oscillator equationẍ = −x by transforming it with the definition y =ẋ into a coupled first order equation, d dt
where the angular frequency is set to ω = 1 for the numerics. 
Virial relationship in the anharmonic oscillator
The virial theorem makes a prediction for the average kinetic and potential energies in any system with a scale-free potential, for instance the anharmonic oscillator with the potential Φ ∝ x 2n . The script anharmonic.py solves the equation of motion. The constant of proportionality is set to 1. Please derive the equation of motion with the Euler-Lagrange-equations and convert the resulting second-order equations in a set of first coupled order equations.
(a) Change the total energy of the planet by setting δ to a value unequal to 0 and observe the change in the orbit. The product constants GM is set to GM = 1 for the numerics. (d) What would the density profile need to be such that stars would perform harmonic oscillations through the centre of the galaxy, i.e. for the potential to be quadratic, Φ ∝ r 2 ?
3. MoND, the Solar system and the Milky Way Let's assume that we can change the acceleration due to gradients in the gravitational potential ∇Φ in an empirical way, dΦ dr
as it would be relevant for a circular motion around the Milky Way centre in a spherically symmetric potential.
(a) What would be the effect on a rotation curve from the density profile ρ ∝ r −α ?
(b) The parameter a 0 would need to be chosen small: Please estimate an upper bound on the value of a 0 from the orbital acceleration of the Solar system on its passage around the Milky Way center. You can find all necessary data on Wikipedia. 
Luminous and dark matter
With the script rotfit.py you can fit a model rotation curve to data. Take care to read off the distance d to the galaxy from the table, in order to convert r from arc seconds to kpc. Please continue by completing the table.
(d) Please try to find out if the mass to light-ratio M/L is large: For that purpose, estimate the total mass M in units of the solar mass M = 10 30 kg,
and compare it to the total luminosity. For the integral, you can use the result
Please truncate the integration at the tidal radius 10r c . With the expression for the mass, please verify the relationship between orbital velocity υ and distance r. 
Circular obits
Derive for circular orbits the formula for the velocity v in dependence of the distance r. Assume a radially symmetric mass distribution.
Velocity of planets
Assuming circular orbits, compute the velocities of the planets in our solar system. Plot the resulting rotation curve v over r.
Expected Rotation curve
Formulate an expectation for the rotation curve of the Milky Way, assuming the mass in the bulge to be 1.6 · 10 10 M and the disk to be 4 · 10 10 M 
Let's show that Γ(1) = 1:
To demontstrate our relation recursively, let's start by showing it works for n=2:
We can now show it for n + 1: Γ(n + 1) = n Γ(n) = n (n − 1) Γ(n − 1) = n(n − 1) (c) From the result on point 1(c), we find:
Neither of which depends on T.
(d) Yes, again from the result of point 1(c): 
Different radiation laws
The script planck_fit.py does a proper regression of a model S (ν, T ) to the data, by minimizing the squared difference between data and model, in units of the noise. There are two models for S (ν, T ), the Planck-spectrum and the simplified Wien spectrum. (a) Carry out a fit to the data with both models: What are the temperatures T ? (b) Which model is better at explaining the data?
Precision of the measurement
In running the script planck_likelihood.py you can estimate which range of values for T would be a good fit. It plots the likelihood L(T ) ∝ exp(−χ 2 (T )/2), with
for the n data data points S i at the frequencies ν i . The statistical error is given by the width of the resulting Gauss-curve. Would it be possible to measure the Planck-constant parallel to the temperature? 
Solar spectrum
The script solar_plot.py plots the spectrum of the Sun: Determine the surface temperature T of the Sun by using Wien's displacement law and the factor that you have determined in the exercises, and estimate the error in your measurement of T . and approximate the potential as homogeneous, Φ = g∆r.
